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1. INTRODUCTION 
In recent papers [1,2], the blow-up of R ~ vector fields (v.f.) has been studied by means of local 
series around movable singularities (Painlev6 analysis) [3-7]. 
In this paper, we study a related problem: the existence of unbounded orbits of differential 
equations. They shall be called escape orbits, and they play an important  role in Newtonian 
gravitation, in which unbounded orbits of equations of type 
m~ = -VV, 
K-" 
V -c~z~ IIx- xiIL' (1) 
xi = position of the attract ing masses, 
G = gravitational constant 
appear [8]. 
The following are additional examples of forces admitt ing escape solutions. 
(i) The magnetic force ± A B(x) ,  where B(x)  is parallel to a fixed direction (say the z-axis) 
and B(x)  is constant. 
(ii) A constant gravitational force g(x) parallel to the z-axis. 
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The reader can easily check that for any initial conditions (xo, Yo, zo, ~:o, ~)o, zo ~ O) the solutions 
to i ---- :~ A B(x)  and i = g(x) verify 
[z (t)l -* +~o , when t -~ +oc. 
The time taken by the particle in reaching I[xll = +oo can be finite or infinite, but we are not 
interested here in this issue. 
A first formulation of our problem is: can we choose the initial conditions (x0, ±0) in such a 
way that the corresponding solution x(t) of equation (1) is unbounded in x(t), in ±(t), or in both 
x(t) and 
Note that when V(x) is a central potential this question has an easy reply since in this case 
equation (1) is integrable. However, when several attracting masses are present, equation (1) is 
no longer integrable and escape to infinity must be analyzed in other ways. 
Escape to infinity in the presence of non-Newtonian [9-19] or Newtonian potentials [8,20-22] 
has been analyzed via analytical techniques. On the contrary, we shall study escape to infinity 
using topological means. 
Topological means were suggested by Smale [23] in order to get properties of the orbits of 
equation (1) when topological invariants of a certain number of first integrals I of equation (1) 
are known (Betti numbers, homotopy, or homology groups of the level sets of I ,  . .. ). 
This paper follows exactly this line and its main result is as follows. 
THEOREM. 
Let X be the v.f. representing the dynamics. Let Xiv 2 be the restriction of X to an invariant 
unbounded ifferential manifold V2 of dimension two, where 1/'2 is not a cylinder. Assume, finally, 
that 
(i) X lv  2 is divergence flee, and 
(ii) X is free from zeros. 
Then, there is an unbounded orbit of XIv2 on 1/'2. 
The proof of this theorem appears in Section 2. 
In ending this introduction, we must say that the study of escape orbits of differential equations 
of type 
,~  = F (t, x) ,  (2) 
xcR  n 
was initiated by Kneser [2@ Hartman and Wintner [25] extended Kneser theory to include 
velocity dependent forces, when n = 1, and finally (see [26]; see also [27], where systems of linear 
repulsive forces are considered) for arbitrary values of n. 
The techniques used by all these authors are analytical. 
2. PROOF OF THE THEOREM 
We shall prove the theorem in Section 1 by contradiction. That  is, if we assume that all the 
orbits of X are bounded, we get a contradiction. Remember that X is a divergence-free v.f. 
without zeros defined on a two-dimensional unbounded manifold V2 (a surface). 
In fact, if X is free from zeros and is divergence free then the w-limit set of any bounded orbit 
of X is an S i orbit [28,29]. Therefore, if all the orbits of X were bounded, I12 would be foliated 
by disjoint circles. 
Now, it is immediate to prove (see below) that the only unbounded surface V2 covered with 
topological circles is the topological cylinder. Therefore, if 172 is not a topological cylinder, at 
least one of the orbits of X must be unbounded. 
We now briefly sketch the proof that an unbounded II2 orientable manifold covered with circles 
is a topological cylinder. This fact is an easy consequence [30] of the fact that we can form in a 
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neighbourhood of every S 1 orbit in V2 a local tubular neighbourhood N which is covered with S 1 
orbits. Under prolongation of N repeatedly one gets either a cylinder or a torts-l ike (compact) 
surface. As we are working with unbounded manifolds 1/2 the last case is excluded. 
3. EXAMPLES 
Illustrative examples in R 3 and R 4 are now given. The common features underlying them are 
the following: 
( i )  the construction of divergence-free v.f. X in R 3 or R 4, 
(ii) the appearance of one or two first integrals Ii of X, 
(iii) the manifold 1/2 of Sections 1 and 2 is obtained as a common level set of the first integrals; 
(iv) the v.f. X Iv 2 (the restriction of X to 1/2 is divergence free [31], by choosing conveniently 
a volume form w2 on 1/2. 
For R 3 v.f., w2 has the form 
ivI1 ~3 
IIvIlll 
~3 = dx A dy Adz, 
(3) 
i -- contraction operator. 
For R 4 v.f. w2 has the form 
ivI1 ivI2 ~4 
I (VI1) VI1VI2 
V/1V/2 (VI2)2 I (4) 
~4 = dx A dy Adz A dt 
Note that (3) and (4) are valid on the level sets of I1 (or I1 and I2) when rank(VI i )  = 1 (or 
rank(VI i ,  VI2) = 2) on them. 
EXAMPLE 30). Consider the divergence-free v.f. in R 3 
X = (-yl~, xr~, y - x + z (yrI~ - xn  ~)), 
(5) 
H 
One can check that the function/1, defined as 
I1 = zII + x + y, (6) 
is a first integral of X and that X is free from zeros on the level sets 
zII + x + y=c,  
c ~- O, c # 1. (7) 
On the other hand, VI1 does not vanish on the level sets defined in (7); the topology of these 
level sets is that of a plane with two points deleted, as the reader will easily check out. Therefore, 
they are not cylinders. 
We can, therefore, apply to these level sets the results of Section 1 and conclude that the v.f. X 
of equation (5) possesses an unbounded orbit on each of the manifolds defined in equation (7). 
EXAMPLE 3(ii). Consider the complex polynomial 
P(z l , z2)  -- ~-  Z l (Z~-  1), 
ZI~Z 2 E C, 
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and the Hamiltonian differential equations [32-34] 
OP OP 
h = Oz2 ~2 ~ OZl 
that is, 
Zl = Z2, Z2 : 3z~ - 1. 
Writing zl = Xl + iyl, z2 = x2 + iy2, xi, y~ C R, in (10), one gets the R 4 v.f. 
(9) 
(10) 
x : ~0.~ + y~o~ + (3Xl ~ - 3y~ - 1) 0~ + 6~1y~o~,  (11) 
with the first integrals 
I1 : x~ - y~ Xl ~ + 3xly~ + ~1, 
2 (12) 
I2 = x2Y2 - 3x2yl + y3 + Yl. 
It is immediate to check that X, I1, and/2  satisfy all the conditions of our theorem on the level 
sets 
/1 =C1,  
I2 : c2, (13) 
2 
cl # ± 3v~' c2 # 0. 
Since these sets [33] have the topology of a torus with a point deleted they are not cylinders. 
Accordingly, in each of them lies an unbounded trajectory of X. Nevertheless, we can predict in 
this case the existence of unbounded orbits in another way. In fact, from equation (10), we get 
~1 : 3z~ - 1, (14) 
and therefore, 
xl = 3Xl 2 -  3Y 2 -  1, 
(15) 
ijl = 6xly1. 
A particular solution of equation (15) is yl(t) -- 0 and xl(t)  any solution ~l(t) of the second- 
order differential equation 
h = 3x~ - 1. (16) 
This last equation is integrable and trivially possesses unbounded solutions. From this, the 
existence of the unbounded solutions of X immediately follows 
x l = ~l ( t ) ,  
52 = ~'l(t), 
Yl = 0, 
Y2 =0.  
(17) 
EXAMPLE 3(iii). Consider now the complex polynomial 
P (Zl, z2) = + izl + -~, ( i s )  
and the associated Hamiltonian differential equations 
Z'I = Z2, 
Z2 = --i -- z~, 
(19) 
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whose real form is 
Xl  ----- X2, 
j l  = Y~, 
~ (20) 
x2 = -X l  +Y l ,  
Y2 = -1  - 2xlyl. 
The reader can check that all the assumptions of our theorem are met on the level sets 
f l  = C1, 
/2 = C2, (21) 
2 
Cl + ic2 ¢ +~i  - i, 
I1, I2 defined by 
il 
2 3 (22) 
3x~yl - y~ 
12 = x2y2 + xl  + 
3 
These level sets axe again [33,34] of type torus with a point deleted, and therefore, unbounded 
orbits in R 4 must appear on the level sets defined by equation (21). 
4. TWO EXAMPLES RELATED 
TO ELECTROMAGNETIC  F IELDS 
EXAMPLE 4(i). Let E(x, y) be the R2-vector field created by the N >_ 2 electric charges (q~, xi), 
x~ standing for the position of the charge q~ (xi E R2). We assume that E(x, y) is given by 
q~ (x -  x~) (23) E (~, y) = ~ (~ - :~  - - -  ~. 
~=1 -x~) +(y-y~) 
The reader can check that this vector field is divergence-free (div(E) de f ~x ~ -~ ~y)  and has a finite 
number of zeros; this last property can be immediately shown by eliminating the denominators 
appearing in E = 0 and introducing the complex variable z = x + iy. We get in this way an 
expression whose zeros are just the zeros of a complex polynomial of degree N - 1. 
Therefore, we can apply to E(x, y) the results of Sections 1 and 2 on the manifold V2 defined 
by 
V2 = R 2 - Z - S, (24) 
Z being the set of zeros of E and S the singular points of E (these last points being, of course, 
the positions xi of the charges q~). 
Since 1/2 is not certainly a cylinder (the caxdinality of the set Z U S is greater than one for 
N >_ 2), we conclude that there is, at least, an unbounded orbit of E on 172. 
EXAMPLE 4(ii). Consider now the magnetic field B created by a planar circular wire on which 
a electric current of intensity I flows. It is well known [35,36] that if the planar wire W lies 
on the xy-plane and the origin of coordinates coincides with the center of W, then any plane ~r 
containing the z-axis is invariant under B. On the other hand, B is singular on w at the two 
points given by 
w n ~, (25) 
and B is free from zeros on ~ [35,36]. 
Since B is divergence free [35,36], that is, 
OBx OBu OBz 
d iv (B)=~+--~y +~=0,  (26) 
it is easy to check that the vector field BI~ (the restriction of B to ~r) is also divergence free. 
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The definition domain of BI~ is 
1/2 -= R 2 - (W N 7r), (27) 
which is not a topological cylinder (remember that 1/2 is just R 2 with two points deleted). 
Therefore, as BI~ is free from zeros on 1/2, we can apply to this example the results of 
Sections 1 and 2 and conclude that Bp~ has at least an unbounded orbit on 1/2. In fact, it 
can be shown [35,36] that the Z-axis is the unique unbounded orbit of BI~. 
5. F INAL  COMMENTS 
A criterion in order to get unbounded solutions of differential equations by topological means 
has been obtained. Several examples are given in Section 3. Examples related to electromag- 
netism are developed in Section 4. A similar criterion for bounded solutions (for example, for 
periodic solutions) would be interesting. 
A related problem is that of knowing whether or not a divergence-free z ro free v.f. X, on any 
unbounded manifold 1/2, exists such that 1/2 is foliated by orbits of type R. Note that when the 
v.f. X is not necessarily divergence free, it is known [37] that 1/2 can indeed be foliated by the 
type R orbits of X. 
Another problem related to this one is that of knowing if orbits of type R (unbounded) and 
S 1 (periodic) can coexist on two-dimensional unbounded manifolds 1/2 when div X = 0 and X is 
free from zeros. The coexistence is impossible for 1/2 = R 2 since a periodic orbit of X implies the 
appearance of a zero of X. When V2 = R 2 the condition div X = 0 plays no role, but we suspect 
it does when 1/2 ~ R ~. 
Finally, in order to get a generalization of the results of this paper to unbounded manifolds Vn 
(n > 3) a previous tudy and classification of the manifolds that can be foliated by circles would 
be necessary [38]. The main difficulty of this study is that the w-limit sets of orbits, of three- 
dimensional vector fields (in contrast with what happens in 1/2), are, up to now, not topologically 
classified. 
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